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The present article investigates the impact of muons on core-collapse supernovae, with particular
focus on the early muon neutrino emission. While the presence of muons is well understood in the
context of neutron stars, until the recent study by Bollig et al. [Phys. Rev. Lett. 119, 242702 (2017)]
the role of muons in core-collapse supernovae had been neglected – electrons and neutrinos were
the only leptons considered. In their study, Bollig et al. disentangled the muon and tau neutrinos
and antineutrinos and included a variety of muonic weak reactions, all of which the present paper
follows closely. Only then does it becomes possible to quantify the appearance of muons shortly
before stellar core bounce and how the post-bounce prompt neutrino emission is modified.
I. INTRODUCTION
A core-collapse supernova (SN) determines the final
fate of all stars more massive than about 8 M⊙. The
associated stellar core collapse is triggered due to delep-
tonization by nuclear electron capture in the core and
the subsequent escape of the electron neutrinos produced,
lowering the degenerate electron density responsible for
supporting the core against gravity, and to the photo-
disintegration of heavy nuclei in the core, sapping ther-
mal, pressure-producing energy as well. The collapse
halts when the central density exceeds normal nuclear
density. The repulsive short-range nuclear force reverses
the collapse, and the stellar core rebounds. An expanding
shock wave forms, which stalls when crossing the neutri-
nospheres, the surfaces of last scattering for the neutrinos
produced and trapped during core collapse. A large num-
ber of electron captures on the newly liberated protons
from the dissociation of nuclei by the shock releases the
deleptonization burst after the shock passes the neutri-
nospheres. This happens on a timescale of about 5–20 ms
after core bounce [1, 2]. The central compact object com-
prising a cold, un-shocked core and a hot, shocked mantle
is the proto-neutron star (PNS). The so-called SN prob-
lem poses the question: How is the stalled bounce shock
revived? Several scenarios have been proposed: the neu-
trino heating [3], magneto-rotational [4], and acoustic [5]
mechanisms, as well as a mechanism associated with a
high-density phase transition in the core [6–8]. Studies
of the multi-physics, multi-scale core-collapse SN phe-
nomenology require large-scale computer models, which
are based on neutrino radiation- hydrodynamics. For a
recent review about the various scales and conditions of
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relevance, as well as the SN equation of state (EOS),
cf. Ref. [9, 10].
During a core-collapse SN, the neutrinos propagate
through regions that are diffusive, semitransparent, and
transparent (where the neutrinos simply stream freely).
Thus, the neutrinos are not fluid-like everywhere, and a
full Boltzmann kinetic treatment of neutrino transport
is ultimately necessary. This has been achieved in the
context of general relativistic models in spherical sym-
metry [11] and non-relativistic and relativistic axisym-
metric models with Newtonian gravity [12, 13]. While
pioneering and already advancing with respect to treat-
ing separately νµ/τ and ν¯µ/τ , all of these studies suffer
from a draw back: they assume equal distributions of µ-
and τ -neutrinos and antineutrinos.
This simplification can only be justified in the absence
of muons. However, it is well known for cold neutron
stars, where due to the condition of β-equilibrium there
are equal chemical potentials for muons and electrons
(µµ = µe). Hence, when µe > mµ ≃ 106 MeV, the muon
fraction can be as large as Yµ ≃ 0.02 − 0.05 (depending
on the nuclear EOS) above a rest-mass density of about
half the saturation density (2.5 × 1014 g cm−3). The
presence of muons has important consequences for the
long-term cooling of neutron stars; e.g., it modifies the
direct-Urca threshold [14]. Muons have to be produced
at some point during the evolution of the PNS from a
hot lepton rich object to the cold β-equilibrium object
discussed above. However, this aspect has only been re-
cently studied in Ref. [15], including the possibility of
muons decaying to axions [16]. Muons can be produced
in non-negligible abundances during a core-collapse SN.
The present article extends this study to consider the
muonization of SN matter shortly before core bounce and
discusses the impact of the presence of muons on the neu-
trino emission up to shortly after core bounce. Therefore,
the Boltzmann neutrino transport scheme is extended to
2treat µ- and τ -neutrinos and antineutrinos separately, in-
clude an extended set of weak processes with muons in
the collision integral on the right-hand side of the Boltz-
mann equation, and add the muon abundance as an ad-
ditional independent degree of freedom in the radiation-
hydrodynamics scheme.
The present article is organized as follows. In Sec. II,
the SN model is briefly reviewed, with special emphasis
placed on the updates to the neutrino transport scheme.
Sec. III discusses our SN simulation results in close prox-
imity of stellar core bounce, with a focus on the muoniza-
tion of SN matter and on the enhanced muon-neutrino
luminosity. In Sec. IV, we consider the possibility for con-
vection to occur due to the presence of what will now be
an additional lepton number gradient. The manuscript
closes with a summary in Sec. V.
II. CORE-COLLAPSE SUPERNOVA MODEL
The core-collapse SN model employed in this study,
AGILE-BOLTZTRAN, is based on general relativistic neu-
trino radiation hydrodynamics in spherical symme-
try [17–19], in comoving coordinates [20, 21] with a La-
grangian baryon mass mesh featuring an adaptive mesh
refinement method [22]. In the present study 207 ra-
dial mass zones are used. A recent global-comparison
core-collapse SN study in spherical symmetry, including
AGILE-BOLTZTRAN, can be found in Ref. [23].
A. Equation of state
AGILE-BOLTZTRAN has a flexible EOS module treat-
ing separately the nuclear part [24] and the elec-
tron/positron/photon/Coulomb EOS; the latter is col-
lectively denoted as EPEOS [25]. In addition to the tem-
perature, T , and restmass density, ρ, the EOS depends
also on the nuclear composition with mass fractions Xi,
atomic mass Ai and charge Zi. The latter determines the
charge fraction of the nuclei, which balances the com-
bined charge fractions of electrons, Ye and muons, Yµ.
Here, the nuclear EOS of Ref. [26] is employed. It is
based on the modified nuclear statistical equilibrium ap-
proach for several 1000 nuclear species and the density-
dependent relativistic mean-field model DD2 [27] for the
unbound nucleons.
In the present study, a muon EOS is implemented in
AGILE-BOLTZTRAN. Therefore, the following muon EOS
quantities are tabulated: particle density nµ = YµnB, in-
ternal energy density eµ± , pressure Pµ± and entropy per
particle sµ± , as a function of the muon chemical poten-
tial ranging µµ = 0, . . . , 500 MeV for a large range of
temperatures from T = 0, . . . , 200 MeV. The Fermi inte-
grals are performed numerically with a 64-point Gauss-
quadrature. This ensures thermodynamic consistency.
Since muons are massive leptons, their restmass can-
not be neglected, and the relativistic dispersion rela-
tion must be employed, E =
√
p2 +m2µ, unlike elec-
trons/positrons, which are ultrarelativistic (E ≃ p). In
the SN simulations, where the muon abundance becomes
the degree of freedom for the muon EOS, in addition
to temperature and restmass density, a linear interpo-
lation is used to find the corresponding muonic ther-
modynamic state, µµ(T, ρYµ), eµ±(T, ρYµ), Pµ±(T, ρYµ)
and sµ±(T, ρYµ), respectively. These quantities, except
µµ, are then added to the corresponding quantities for
baryons (B) and EPEOS, in order to obtain the total
quantities,
etot = eB(T, ρ, Yp) + eEPEOS(T, ρYe, {Xi, Ai, Zi})
+ eµ±(T, ρYµ) , (1)
P = PB(T, ρ, Yp) + PEPEOS(T, ρYe, {Xi, Au, Zi})
+ Pµ±(T, ρYµ) , (2)
s = sB(T, ρ, Yp) + sEPEOS(T, ρYe, {Xi, Ai, Zi})
+ sµ±(T, ρYµ) . (3)
Note that the baryon EOS contributions depend on the
hadronic charge fraction via the charge-neutrality condi-
tions, Yp = Ye+Yµ, where electron and muon abundances
are associated with their corresponding net particle den-
sities, such that Ye = Ye− − Ye+ and Yµ = Yµ− − Yµ+ .
B. Boltzmann neutrino transport
The neutrino transport scheme has to be extended in
order to be able to treat individually the distributions for
all 3 flavors, {fνe , fνµ , fντ } and their respected antineu-
trinos {fν¯e , fν¯µ , fν¯τ }. BOLTZTRAN employs an operator-
split method to solve the evolution equations for each
neutrino and antineutrino specie separately, which has
been extended from the previous setup with (νe, ν¯e) and
(νx, ν¯x), assuming equal muon-(anti)neutrinos and tau-
(anti)neutrinos νx ≡ νµ/τ and ν¯x ≡ ν¯µ/τ , to now treat-
ing (νµ, ν¯µ) and (ντ , ν¯τ ) separately. Note further that
BOLTZTRAN employs the transport equation in conserva-
tive form; i.e. with the specific neutrino distribution
function, Fν := fν/ρ [17, 18]. All neutrino species
are discretized in terms of 6 momentum angles bins
cosϑ ∈ {−1,+1} [28] – the angle between the radial
motion and the momentum vector – and 36 neutrino en-
ergy bins, Eν ∈ {0.5, 300} MeV following the setup of
S. Bruenn [29]. Appendix A compares two SN simula-
tions, both without muonic weak reactions, comparing
the traditional Boltzmann transport scheme for 4 neu-
trino species (νe, ν¯e, νµ/τ , ν¯µ/τ ) and the full 6 neutrino
species transport (νe, ν¯e, νµ, ν¯µ, ντ , ν¯τ ). While the
extension to 6-species Boltzmann neutrino transport is
straight forward, the inclusion of weak interactions and
the associated extensions of the collision-integral involv-
ing weak reactions with (anti)muons will be discussed
in the next sections. Further details are given in Ap-
pendix B.
3TABLE I. Set of muonic weak processes considered
Label Weak process Abbreviation
(1a) νµ + n⇆ p+ µ
− CC
(1b) ν¯µ + p⇆ n+ µ
+ CC
(2a) νµ + µ
±
⇆ µ′± + ν′µ NMS
(2b) ν¯µ + µ
±
⇆ µ′± + ν¯′µ NMS
(3a) νµ + e
−
⇆ µ− + νe LFE
(3b) ν¯µ + e
+
⇆ µ+ + ν¯e LFE
(4a) νµ + µ
+
⇆ e+ + νe LFC
(4b) ν¯µ + µ
−
⇆ e− + ν¯e LFC
C. Muonic weak processes
In the following subsections all new weak reactions in-
volving (anti)muons, which are being implemented in
AGILE-BOLTZTRAN, will be discussed. Table I lists all
processes considered here. Further details, about the
reaction rates are provided in Appendix B, see also
Ref. [30], and details about their implementation in
AGILE-BOLTZTRAN are provided in Appendix B of the
present paper.
1. Charged-current absorption and emission
For the emissivity
(
jνµ(Eνµ), jν¯µ(Eν¯µ )
)
and absorptiv-
ity
(
χνµ(Eνµ), χν¯µ(Eν¯µ )
)
for the muonic charged-current
(CC) reactions (1a) and (1b) in Table I, the fully inelas-
tic and relativistic rates are employed. These rates were
developed in Ref. [30], Section III A, which is based on
the same treatment as for the electronic CC rates [31].
The CC rates employed here include self-consistently
weak-magnetism contributions, while in Ref. [30] rate ex-
pressions are derived that in addition take into account
pseudo-scalar interaction contributions, which are omit-
ted here.
Equations (27)–(33) in Ref. [30], as well as their Ap-
pendix (B), summarize the entire algebraic expressions.
Since the transition amplitudes – the spin averaged and
squared matrix elements – are identical for electronic and
muonic charged-current reactions, the only difference is
the remaining phase space. Hence, the only replacements
for the muonic charged-current rates are the different
muon restmass and the muon Fermi distribution function
with the corresponding muon chemical potential. These
fully inelastic charged-current absorption rates are shown
in Fig. 1 (solid lines) for νµ (left panel) and ν¯µ (right
panel) at two selected conditions, in comparison with the
CC rates in the elastic approximation (see Appendix B1).
For the elastic rates we include the approximate treat-
ment of inelasticity and weak magnetism corrections [32]
via (ν¯µ)νµ-energy dependent multiplicative factors.
For νµ and ν¯µ energies below the Q values of mµ −
(mn−mp)− (Un−Up) and mµ+(mn−mp)+(Un−Up),
respectively, there can be no contribution to the opac-
ity within the elastic treatment (details about the elastic
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FIG. 1. Neutrino (νµ) and anti-neutrino (ν¯µ) opacity for the
muonic charged-current reactions (1a) and (1b) in Table I,
comparing the fully inelastic rates (Eq. (33) in Ref. [30]) (solid
lines) and the elastic approximation (B1) (dashed lines), at
two selected conditions referred to as (a) and (b) for which
the corresponding thermodynamic state is given in Table II.
TABLE II. Thermodynamic state for two selected conditions.
T ρ Ye Yµ µe µµ Un − Up
a
[MeV] [g cm−3] [MeV] [MeV] [MeV]
(a) 10 5× 1013 0.2 10−4 108.1 51.7 13.9
(b) 25 2× 1014 0.15 0.05 147.4 139.8 31.5
a Un/p are the neutron/proton single-particle potentials, which
are given by the DD2 EOS
rate expression are given in Appendix B 1), as illustrated
in Fig. 1 (dashed lines) at two selected conditions (a) and
(b), which are listed in Table II. This strong opacity drop
is modified when taking into account inelastic contribu-
tions within the full kinematics approach, as illustrated
in Fig. 1 (solid lines). Since these muonic CC processes
are expected to be responsible for the muonization of SN
matter, from Fig. 1 it becomes evident this channel re-
quires νµ of high energy in order to produce final state
muons in non-negligible amounts.
2. Neutrino–muon scattering
For neutrino–muon scattering (NMS), reactions (2a)
and (2b) in Table I, the approach for neutrino–electron
scattering (NES) is employed here following the detailed
derivation provided in Refs. [19, 29, 33, 34], which is
equivalent to the recent derivation in Ref. [30], Sec-
tion II A and Appendix A. Mapping the algebraic ex-
pressions of NES to NMS is straightforward due to the
similarity of the transition amplitudes and hence of the
scattering kernels between NES and NMS. It requires
the replacement of electron restmass and chemical po-
tential with those of the muons. However, the vector
and axial-vector coupling constants are different for NES
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FIG. 2. Opacity Eq. (4) for neutrino–muon scattering (left panels) and antineutrino–muon scattering (right panels) on muons
(solid lines) and electrons (dash-dotted lines) assuming a free final-state neutrino according to expression (4), at two selected
conditions referred to as (a) and (b), which are listed in Table II.
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FIG. 3. Angular averaged out-scattering kernel, 〈R〉 Eq. (5), normalized to unity, for three different incoming energies,
Eν = 31, 54, 136 MeV, comparing NMS (solid lines) and NES (dash-dotted lines) as a function of the out-going neutrino energy,
E′ν , for the conditions (a), with the following normalizations 〈R
νµµ
−
0 〉 = 2.437 × 10
4 MeV−1 s−1 and 〈R
νµe
−
0 〉 = 1.112 ×
105 MeV−1 s−1 for Eν = 31 MeV, 〈R
νµµ
−
0 〉 = 4.174×10
4 MeV−1 s−1 and 〈R
νµe
−
0 〉 = 5.079×10
5 MeV−1 s−1 for Eν = 54 MeV,
〈R
νµµ
−
0 〉 = 4.764 × 10
4 MeV−1 s−1 and 〈R
νµe
−
0 〉 = 9.046 × 10
5 MeV−1 s−1 for Eν = 136 MeV, and the conditions (b), with
the following normalizations 〈R
νµµ
−
0 〉 = 2.301 × 10
6 MeV−1 s−1 and 〈R
νµe
−
0 〉 = 5.443 × 10
5 MeV−1 s−1 for Eν = 31 MeV,
〈R
νµµ
−
0 〉 = 4.011×10
6 MeV−1 s−1 and 〈R
νµe
−
0 〉 = 9.369×10
5 MeV−1 s−1 for Eν = 54 MeV, 〈R
νµµ
−
0 〉 = 1.167×10
7 MeV−1 s−1
and 〈R
νµe
−
0 〉 = 3.216 × 10
6 MeV−1 s−1 for Eν = 136 MeV, according to Table II.
and NSM, which are listed in Table III. Details about
the scattering amplitudes and in/out scattering kernels
for NMS, Rin/outNMS , are provided in Appendix B2, to-
gether with their implementation in the collision integral
of AGILE-BOLTZTRAN.
In Fig. 2 we compare the opacity for neutrino–e± scat-
tering (dashed lines) and neutrino–µ± scattering (solid
lines) at two selected conditions (a) and (b), for which
the thermodynamic conditions are listed in Table II. In
order to obtain the neutrino-scattering opacity, the fol-
lowing integration is performed of the out-scattering ker-
nel, RoutNMS, over the final-state neutrino phase space,
χν(Eν) =
1
(2pi~c)3
∫
dEν′E
2
ν′
∫
d (cosϑ′)
∫
d (cosϑ)
× Rout(Eν , Eν′ , ϑ, ϑ′) ; (4)
i.e. assuming a free-final state neutrino phase space
(more details can be found in Ref. [35]). The scatter-
50
30
60
90
120
150
180
210
240
270
300
330
0
0.5
1
1.5
0
30
60
90
120
150
180
210
240
270
300
330
0
0.5
1
1.5
2
0
30
60
90
120
150
180
210
240
270
300
330
0
0.5
1
1.5
2
0
30
60
90
120
150
180
210
240
270
300
330
0
2
4
6
(a)
0
30
60
90
120
150
180
210
240
270
300
330
0
0.2
0.4
0.6
0.8
0
30
60
90
120
150
180
210
240
270
300
330
0
0.5
1
0
30
60
90
120
150
180
210
240
270
300
330
0
1
2
3
4
0
30
60
90
120
150
180
210
240
270
300
330
0
0.5
1
1.5
(b)
FIG. 4. Angular distribution from 0–360 degrees of the out-scattering kernel, R, comparing νµ scattering on muons and
electrons for different incoming and outgoing neutrino energies, Eνµ and E
′
νµ , respectively, assuming forward scattering in
energy with Eνµ = E
′
νµ ≃ 3T (left panels) and up-scattering in energy with Eνµ = 15 MeV, E
′
νµ = 53 MeV (right panels), for
the conditions (a) and (b) in Table II.
TABLE III. NMS vector and axial-vector coupling constants.
Scattering process CV
a CA
νe + µ
± −0.5 + 2 sin2 θW ±0.5
ν¯e + µ
± −0.5 + 2 sin2 θW ∓0.5
νµ + µ
± 0.5 + 2 sin2 θW ∓0.5
ν¯µ + µ
± 0.5 + 2 sin2 θW ±0.5
ντ + µ
± −0.5 + 2 sin2 θW ±0.5
ν¯τ + µ
± −0.5 + 2 sin2 θW ∓0.5
a sin2 θW ≈ 0.23
ing kernel depends on the in-coming and the out-going
neutrino energies, Eν and E
′
ν , as well as the in-coming
and out-going relative angles, ϑ and ϑ′ (see Appendix B).
Note that neutrino trapping and thermalization of µ
and τ neutrinos occurs roughly at the conditions between
(a) and (b) of Table II. Hence, neutrino–muon scattering
may be an important source for the thermalization and
trapping of heavy lepton-flavor neutrinos. Furthermore,
from the comparison in Fig. 2 it becomes evident that at
high densities, muon-neutrino scattering on muons dom-
inates over scattering on electrons. This is mostly at-
tributed to the high electron degeneracy due to which
the final-state electron phase space is occupied. Note
also that, at such conditions (b), neutrinos are trapped.
Since the opacity shown in Fig. 2 does not reveal in-
sights into the inelasticity of the processes, in Fig. 3 we
show in addition the angular-averaged outgoing scatter-
ing kernels defined as follows,
〈R〉(Eν , E′ν) =
1
(2pi~c)3
E′2νµ
∫
d (cosϑ′)
∫
d (cosϑ)
× Rout(Eν , Eν′ , ϑ, ϑ′) , (5)
as a function of the outgoing neutrino energy, E′ν , for
three different incoming neutrino energies, Eν . The nor-
malization constants are given in the caption of Fig. 3 for
the two conditions (a) and (b) listed in Table II shown
in Figs. 3(a) and 3(b), respectively. From these illus-
trations it becomes evident that only at low densities,
NES is forward peaked in energy for low incoming neu-
trino energies. For high incoming neutrino energies, NES
has a dominant up-scattering contribution, while NMS is
mostly forward peaked at all energies. The situation only
changes at high densities and intermediate incoming neu-
trino energies ≃50–100 MeV.
In addition, Figure 4 shows the angular dependence of
the scattering kernel, for the two conditions (a) and (b)
in Table II. Therefore, the inconing and outgoing neu-
trino energies are fixed to some values, such that the
quantity shown in Fig. 4 depends only on the in- and
out-scattering angles cosϑ and cosϑ′, respectively. The
different contour lines represent different incoming scat-
tering angles whereas the scale corresponds to the outgo-
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FIG. 5. Opacity for the purely leptonic processes, lepton-flavor exchange (solid lines) and lepton-flavor exchange (dashed lines),
assuming a free final state neutrino, at the same two selected conditions labelled (a) and (b) for which the thermodynamic
state is listed in Table II.
ing scattering angle. At low densities, which are shown
in Fig. 4(a), for Eνµ = E
′
νµ (left panel) for NMS the for-
ward scattering is due to the in-coming neutrinos with
cosϑ > 0, while back-scattering occurs mostly for in-
coming neutrinos with cosϑ < 0. For NES, the oppo-
site is true, forward(backward) directed incoming neu-
trinos result in backward(forward) out-scattering. The
out-going angular distribution for Eνµ = E
′
νµ (left panel
of Fig. 4(b)) remains at high densities for NMS, being
mostly forward peaked, while NES becomes increasingly
isotropic. Furthermore, from up-scattering in energy,
Eνµ < E
′
νµ , illustrated in the right panels of Fig. 4, the
angular distributions are dominated by backward scat-
tering for both NMS and NES, at high and low densities.
3. Purely leptonic reactions – (i) lepton flavor exchange
A new class of weak processes, known as lepton
flavor exchange (LFE) reactions [15], is added to
AGILE-BOLTZTRAN, reactions (3a) and (3b) of Table I.
The close analogy of the scattering amplitudes of NMS
and LFE, enables the direct comparison between these
two processes, which simplifies the calculation of the
7in- and out-scattering kernels, provided in detail in Ap-
pendix B 3 a where the nomenclature of Ref. [19] is fol-
lowed closely. It is equivalent to the recent derivation in
Ref. [30], Section II A and Appendix A.
The main difference between NMS and LFE is the ap-
pearance of a new energy scale since initial- and final-
state leptons are different; one has to take the restmass
energy difference between muon and electron into ac-
count. This gives rise to additional terms in the scat-
tering amplitudes (they are provided in Appendix B 3 a),
which can be large.
Figure 5 compares the set of the LFE processes (3a)
and (3b) in Table I, for each channel individually at the
two selected conditions (a) and (b) corresponding to Ta-
ble II. For the calculation of the opacity the same ap-
proach is implemented here as for neutrino–muon scat-
tering Eq. (4); i.e., assuming a free final-state neutrino.
These rates are in agreement with those obtained in
Ref. [30] with a detailed comparison of the LFE rates
and the muonic CC rates.
4. Purely leptonic reactions – (ii) lepton flavor conversion
There is a second class of purely leptonic processes
involving (anti)muons, known as lepton flavor conver-
sion reactions (LFC) [15], reactions (4a) and (4b) in Ta-
ble I. The derivation of the in- and out-scattering ker-
nels is given in Appendix B3 b, again in close analogy to
Ref. [30]. Figure 5 compares the rates for the LFC pro-
cesses, at the same two selected conditions (a) and (b)
of Table II, as before. This comparison is in agreement
with the analysis of Ref. [30].
All these weak reaction rates involving muons, i.e.
muonic CC rates and NMS as well as the LFE and LFC
processes, are implemented in AGILE-BOLTZTRAN within
the 6-species setup, in order to simulate and study the
impact of the muonization of SN matter. In the follow-
ing, these results will be discussed as the reference case
and compared to the simulations where all muonic weak
rates are set to zero. Note that we omit here the (inverse)
muon decay.
III. CORE-COLLAPSE SN SIMULATIONS
The core-collapse SN simulations discussed in the fol-
lowing are launched from the 18 M⊙ progenitor from
the stellar evolution series of Ref. [36]. Besides the
muonic weak processes introduced in Sec. II above, the
standard set of non-muonic weak reactions employed
here is given in Table (1) of Ref. [31]. A comparison
of these non-muonic weak rates in the ‘minimal’ setup
of S. Bruenn [29] and major updates [32, 37–40], in-
cluding the impact in spherically-symmetric and axially-
symmetric SN simulations, is provided in Refs. [41, 42].
A. Production of muons at core bounce
There could be two mechanisms for the production of
muons. One is driven by electromagnetic pair processes,
such as e− + e+ → µ− + µ+, which are fast but require
high temperatures that are not reached in the simula-
tion. Furthermore, this process would always result in
a zero net muon abundance. The second mechanism
is due to weak processes starting from the production
of muon (anti)neutrinos that are converted later into
muons. The latter is the dominant channel here. Fur-
thermore, due to the largely different CC opacity for νµ
and ν¯µ a net muonic abundance can be created. However,
the muonic CC processes can only operate once a large
enough fraction of high-energy νµ and ν¯µ are produced,
which only occurs shortly before bounce. The origin
of high-energy muon-(anti)neutrinos are pair processes,
mainly electron–positron annihilation, when the temper-
ature is sufficiently high that positrons are present in
the stellar plasma, and N–N bremsstrahlung processes.
This situation is illustrated in Fig. 6(a) (bottom pan-
els) at a few tenths of a millisecond before core bounce,
when the average energies for νµ and ν¯µ reach as high as
50–70 MeV, due to temperatures on the order of about
15 MeV. The leading weak processes that give rise to the
muonization are the CC reactions (1a) and (1b) in Ta-
ble I. Therefore, the medium modifications of the mean-
field potentials can be as high as Un−Up ≃ 20− 30 MeV
(see Fig. 6(b)). This, in turn, enables the net-production
of muons when the average energy of the muon-neutrinos
is substantially lower than the muon restmass energy (see
therefore expression (B3) in Appendix B1 correspond-
ing to the elastic rate approximation). Already at core
bounce this leads to a non-negligible muon abundance
on the order of Yµ ≃ 10−3 (blue lines in Fig. 6(b)), in
comparison to the simulation setup without muonic weak
processes (red lines). Otherwise the evolution is in quan-
titative agreement since such a muon abundance has a
negligible impact on the PNS structure (see Fig. 6(b)).
Note that the spectra of νµ and ν¯µ are thermal, roughly
matching the corresponding temperature profile. Conse-
quently the muon abundance, and the muon chemical po-
tential accordingly, follow the same temperature profile
even though their leading production processes (1a) and
(1b) in Table I have no purely thermal character, unlike
neutrino-pair production from e−–e+ annihilation. It is
important to notice that the muonization is a dynamical
process. It is determined by the muonic weak rates and
the thermodynamic conditions obtained in the PNS inte-
rior. Muonic weak equilibrium is not established instan-
taneously: the muon chemical potential is significantly
lower, µµ ≃ 40 − 90 MeV, than that of the electrons,
µe ≃ 100 − 200 MeV (see Figs. 6(a) and 6(b)) This sit-
uation remains during the entire post-bounce evolution,
as illustrated in Figs. 7(a) and 7(b) for selected times
corresponding to the early post-bounce phase. Further-
more, the temperature profile is non-monotonic, which is
well known due to the fact that the bounce shock forms
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FIG. 6. (Color online) Radial profiles of selected quantities as s function of the enclosed baryon mass, showing the electron
and muon fractions (Ye, Yµ), restmass density (ρ), temperature and entropy per baryon (T , s), electron and muon chemical
potentials (µe,µµ), as well as the charged chemical potential denoted as µˆ = µn − µp and the mean-field potential difference
△U = Un − Up, and the average neutrino energies for µ and τ (anti)neutrino flavors. The conditions correspond to a few
tenths of a millisecond before core bounce in graph (a) and at core bounce in graph (b). The latter case compares the reference
simulation with (blue lines) and without muonic weak processes (red lines). The CC rates employed here are within the full
kinematics treatment.
at a radius of about 10 km. The highest temperature
increase as well as the maximum temperature obtained
during the post-bounce evolution is not at the very cen-
ter of the forming PNS. Hence, the thermal production of
muon-(anti)neutrinos from pair processes results in high
average energies corresponding to the maximum temper-
atures (see the bottom panel in Fig. 7(b)), which in turn
gives rise to a high and continuously rising muon abun-
dance off center (see the bottom panels in Fig. 7(a) and
7(b)) during the later post-bounce evolution. The pres-
ence of a finite abundance of muons at the PNS cen-
ter, Yµ ≃ 10−4 to a few times 10−3 corresponding to
densities in excess of few times 1012 g cm−3, results in
higher average νµ energies in that domain (see Fig. 7(b)).
However, the overall post-bounce evolution, in terms of
the gross hydrodynamics evolution, is not affected by the
presence of muons and associated muonic weak reactions
after shock break out.
It is important to emphasise here the importance of
the inelastic CC rates; i.e., with their full kinematics im-
plementation. A test simulation, in which we used the
elastic CC rates instead (not shown here for simplicity)
gave rise to a substantially lower muon abundance, by
nearly a factor of 2, in the off-center muon production
region associated with the highest temperatures.
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FIG. 7. (Color online) The same quantities as in Fig. 6 for the simulation with muonic weak processes at selected times shortly
after the shock breakout in graph (a) as a function of the enclosed baryon mass, and at about 30 ms post bounce in graph (b) as
a function of the radius. In addition in graph (b) we compare the PNS structure of the simulation with muonic weak reactions
(blue lines) and without muonic weak reaction (red lines).
B. Launch of the muon neutrino burst
The continuously rising muon abundance, in turn, en-
ables the release of a νµ burst (blue solid line in the mid-
dle panel of Fig. 8), relative to the simulation without
muonic weak processes (red curve), associated with the
shock break out. Similar to the νe deleptonization burst
(solid curve in the top panel of Fig. 8(a)), when the shock
wave crosses the muonic neutrinosphere, muon captures
on protons are enabled, µ−+p→ n+νµ, due to the escape
of the muon-neutrinos produced. It results not only in
the substantial rise of the muon-neutrino luminosity, rel-
ative to the case without muonic weak processes, but also
in the continuous rise of the off-central muon abundance
as the previously partly Pauli-blocked phase space of the
muons becomes available again during the release of the
νµ burst. This results in the increase of the muon abun-
dance by a factor of about 10 during the first 10–30 ms
after core bounce (see Fig. 7). However, the magnitude
of the associated luminosity of the νµ burst is lower by
a factor of more than five than that of the νe burst (see
Fig. 8(a)), due to the generally lower muon abundance
(see Fig. 7), which is related to the slower CC rates for
νµ than for νe. This is illustrated in Fig. 9, correspond-
ing to the situation illustrated in Fig. 7(a) (dashed grey
lines) at about 5 ms post bounce. Note further, the NLS
rates in Fig. 9 (dashed lines), which include in addition
also LFE and LFC processes for the muon-(anti)neutrino
flavors, from which it becomes evident that the latter are
negligible compared to the CC rates with respect to the
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FIG. 8. Evolution of the neutrino luminosities and average energies for all species, sampled in the co-moving frame of reference
at a distance of about 500 km, comparing the reference simulation with muonic weak processes (blue lines) and without (red
lines). Note that in the latter case, νµ ≡ ντ and ν¯µ ≡ ν¯τ .
production of muons.
Furthermore, the ν¯µ luminosity is also affected by a
finite net muon abundance and associated muonic weak
processes. However, while the νµ experience a sudden
rise, as discussed above, the ν¯µ luminosity is reduced
(see the blue dash-dotted curve in the middle panel of
Fig. 8(a)) relative to the simulation without muonic weak
processes (red dash-dotted curve in the middle panel
of Fig. 8(a)). Here, for ν¯µ, the net charged-current
rates are dominated by ν¯µ absorption on neutrons, and
hence the expression (B5) is negative at densities below
1012 g cm−3, as shown in the bottom panel of Fig. 9.
This gives rise to anti-muon production, in contrast to
(B4), which is overall positive, acting as a muon sink
(see Fig. 9). At higher density, the expression (B5) for
ν¯µ turns positive too, acting as an anti-muon sink. How-
ever, note the much lower magnitude, by a factor of 100,
compared to the νµ case.
As aforementioned, the fully inelastic muonic CC rates
result in a substantially higher muon abundance than
when the elastic CC rates are employed. Consequently,
the magnitude of the luminosity of the νµ burst is some-
what higher for the fully inelastic rates. The same holds
for the magnitude of the reduced ν¯µ luminosity. There-
fore, it is important to implement the muonic CC rates
in their full-kinematics treatment.
In the region of νµ losses during the release of the νµ
burst, corresponding to densities between ρ = 1011 −
1013 g cm−3; i.e., the location of the νµ neutrinosphere,
there is a slight feedback on the PNS structure resulting
in slightly lower temperatures (see Fig. 7(b)) compared
to the simulation without muons. These lower tempera-
tures affect also the electron (anti)neutrino luminosities
and average energies; however, only marginally (see the
top panels in Fig. 8). Moreover, the τ -(anti)neutrino
luminosities and average energies are affected from the
slightly higher compactness achieved due to the addi-
tional losses associated with the νµ burst. Related is the
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FIG. 9. Density dependence of the collision integral of
the Boltzmann transport equation for the CC (solid lines)
and neutrino lepton scattering (denoted as NLS) processes
(dashed lines) for electron (anti)neutrinos, plus LFE and LFC
for muon (anti)neutrinos, corresponding to the thermody-
namic state at about 5 ms after core bounce, as shown in
Fig. 7. We compare the reference case with muonic weak
rates (blue curves) and without (red curves).
presence of muons at the highest densities, which results
in a slight temperature increase (see Fig. 7(b)). This im-
plies a softening of the high-density EOS, since muons
are significantly more massive than electrons, and elec-
trons are effectively replaced by muons. This feeds back
partly to higher average energies of ντ and ν¯τ , which are
produced thermally from pair processes, at the highest
densities in the PNS interior trapping regime (see the
bottom panel in Fig. 7(b)).
Note further that after about 50 ms post bounce the
magnitude of the νµ and ν¯µ luminosities will have set-
tled back to about 3.0 − 3.5 × 1052 erg s−1 that corre-
sponds to the value without muonic reactions. The later
post-bounce evolution with the influence of muons and
associated muonic weak processes has been discussed in
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FIG. 10. Lepton number (left panel) and lepton number gra-
dient (right panel) for both lepton flavors, muon (solid lines)
and electron (dashed lines), at about 30 ms post bounce (see
Fig. 7(b)).
Ref. [15], where the potential role with respect to neu-
trino heating and cooling contributions as well as on the
revival of the stalled bounce shock was explored.
IV. ROLE OF CONVECTION
In order to study the potential role of convection in-
duced due to the presence of negative lepton number
gradients, it has been convenient to estimate the Brunt-
Va¨isa¨la¨ frequency [43–48]
ωBV = sign {CLedoux}
√
g ρ−1 |CLedoux| , (6)
with gravitational acceleration, g, restmass density, ρ,
and the Ledoux-convection criterion CLedoux. The latter
is based on the assumption that convection is driven from
pressure fluctuations and their growth. It can be related
to derivatives of thermodynamics quantities as follows,
CLedoux =
(
∂P
∂s
)
ρ,YL
ds
dr
+
(
∂P
∂YL
)
ρ,s
dYL
dr
. (7)
The thermodynamic derivatives of the pressure, P , are
evaluated at constant restmass density, ρ, and constant
lepton number, YL, in the case of the entropy derivative,
and constant entropy, s, in the case of the lepton-number
derivative. Then, convective instability is inferred when
ωBV > 0. Note that for the thermodynamic deriva-
tive, (∂P/∂YL)ρ,s, finite differencing is employed based
on the tabulated EOS, while the lepton-number gradi-
ent, dYL/dr, is obtained by finite differencing of the SN
simulation data.
Since the present article’s concern is the impact of
muons, and associated muonic weak processes, on the
SN dynamics, the focus is on the lepton-number, YL,
and the associated second term in Eq. (7); in particu-
lar, since it has been shown that the presence of muons
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has a negligible impact on the PNS structure and the en-
tropy profile. Due to the separation of muonic and elec-
tronic lepton numbers, henceforth denoted as YLµ and
YLe , here the following question shall be addressed: Can
a negative muonic lepton number gradient drive convec-
tion? Fig. 10 shows the lepton numbers (left panel) and
the lepton-number gradient terms of ωBV (right panel),
shortly after core bounce. Note that, in the case without
muons and associated weak reactions that give rise to a fi-
nite muon abundance, the muonic lepton number is given
by Yνµ − Yν¯µ and, hence, suppressed by several orders of
magnitude, such that its gradient is effectively zero. In
contrast, here one can already identify shortly after core
bounce the presence of the additional and non-negligible
muon lepton number and associated ωBV contributions
(solid lines in Fig. 10). The region with ωBV > 0 for
YLµ corresponds to the PNS interior from intermediate
to highest densities, on the order of ρ = 1012 g cm−3 to
few times 1014 g cm−3 (see Fig. 7(b)), unlike for YLe for
which ωBV > 0 at lower densities, at the PNS surface.
While the region with ωBV > 0 for YLe at large radii, be-
tween the SN shock and the PNS surface, is relevant for
the development of convection essential to the neutrino
heating and cooling of matter in this region with ωBV > 0
for YLµ , which indicates the occurance of convection in
the PNS interior, especially since the Ledoux-convection
criterion has the same magnitude for YLe and YLµ (see
Fig. 10). This remains true during the entire post-bounce
evolution. The magnitude of the impact remains to be
determined in detailed multi-dimensional studies, prefer-
ably in three spatial dimensional simulations. This might
have interesting implications for the emission of gravita-
tional waves stemming from high densities [49–54].
V. SUMMARY
In the present article, the extension of
AGILE-BOLTZTRAN to treat 6-species neutrino trans-
port was introduced, overcoming the previous drawback
of assuming equal µ– and τ–(anti)neutrino distributions.
This enables a variety of muonic weak processes. These
include muonic charged-current emission/absorption
reactions involving the mean-field nucleons, as well as
purely leptonic flavor-changing reactions. All these
muonic rates have significant inelastic contributions.
Hence, it is important to treat the corresponding phase
space properly. In addition to the disentanglement of
µ– and τ–(anti)neutrinos in the transport scheme, the
presence of muonic weak processes gives rise to a finite
and rising muon abundance. Therefore, together with its
corresponding evolution equation, the muon abundance
was added as an additional independent variable to
the neutrino radiation-hydrodynamics state-vector of
AGILE-BOLTZTRAN.
With these updates, stellar core collapse was simu-
lated and studied in detail with a particular focus on
the appearance of muons, muonic weak reactions, and
possible consequences for SN phenomenology. It had
been claimed previously that muons and their associated
weak reactions may enhance the neutrino heating effi-
ciency in multidimensional SN simulations under certain
circumstances during the post-bounce evolution [15]. Be-
ginning with our first focus, muonization of SN matter,
we find that it starts shortly before core bounce in two
steps: first, from the production of high-energy muon-
(anti)neutrinos from neutrino-pair processes, and second,
from the absorption of these high-energy muon-neutrinos
as part of the muonic charged-current and lepton-flavor
changing processes. Here we conclude that the impor-
tance of the charged-current reactions exceed the latter
by far for the muonization. We find that the muon abun-
dance rises by more than one order of magnitude dur-
ing the first few ten milliseconds post bounce, reaching
values of Yµ ≃ 10−4 to a few times 10−3 – in particu-
lar, off center associated with the increasing temperature
there. With regard to SN phenomenology: The pres-
ence of muons leads to a muon-neutrino burst shortly
after core bounce, which is due to the shock propagation
across the muon-neutrinosphere, similar to what hap-
pens with regard to the electron-neutrino burst when the
shock passes the electron neutrinosphere. However, the
muon-neutrino burst has a lower magnitude due to the
significantly lower muon abundance and muonic charged-
current weak rates, relative to the abundances and rates
associated with electrons. With regard to the evolution
of the PNS: It is interesting to note that muons and
muon-(anti)neutrinos are not in weak equilibrium instan-
taneously, unlike the electrons and positrons with their
neutrino species. That is, the electron chemical poten-
tials by far exceed the muon chemical potentials at the
PNS interior. Only towards low densities near the neu-
trinospheres at the PNS surface, where the abundance
of trapped neutrinos drops to zero, are the electron and
muon chemical potentials equal during the post-bounce
evolution. It remains to be explored in future studies
how the muons approach equilibrium during the later
PNS deleptonization phase; i.e., after the onset of the SN
explosion on a timescale of several ten seconds. Further-
more, the presence of an additional muon lepton-number
gradient may impact convection at high densities in the
PNS interior. To confirm this requires multidimensional
simulations, which cannot be investigated here. We find
that the presence of a finite and continuously rising muon
abundance in the PNS interior has a softening impact
on the high-density equation of state. This, in turn, is
known to result in smaller PNS and shock radii during
the long-term post-bounce supernova evolution on the
order of several hundreds of milliseconds, confirming the
findings of Ref. [15], which has the potential of enhanc-
ing the neutrino heating efficiency through higher neu-
trino energies and luminosities. The latter is also known
from multidimensional simulations comparing stiff and
soft hadronic equations of state [55]. Moreover, the finite
muon abundance may also give rise to weak processes in-
volving pions [56], which remains to be explored in future
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studies.
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Appendix A: AGILE-BOLTZTRAN – Extension to
6-species Boltzmann neutrino transport
Here, a comparison is presented between the reference
run employing the 6-species neutrino transport scheme
(blue lines) and the run based on the traditional 4-
species (red lines), where besides the inclusion of elec-
tron and muon neutrino flavors it is assumed that the
tau-(anti)neutrino distributions are equal to the muon-
(anti)neutrino distributions. No muonic weak processes
are considered here. All muonic weak rates are set (nu-
merically) to zero.
Fig. 11 compares the evolution of the neutrino lumi-
nosities in Fig. 11(a) and the average neutrino energies in
Fig. 11(b) for the two SN simulations, respectively. Oth-
erwise, both simulations employ an identical set of input
physics, as introduced in Secs. II A and II B. The relative
change between the two runs in terms of neutrino losses
is on the order of less than a few tenths of one percent, at-
tributed mostly to a slightly different converged solution
of the radiation-hydrodynamics equations [21] with the
implementation of the muon abundance as additional in-
dependent degree of freedom. Furthermore, the entire SN
hydrodynamics – i.e., shock formation, shock evolution,
and post-bounce mass accretion – shows no quantitative
differences.
Appendix B: Implementation of muonic weak processes
1. Muonic charged-current processes – elastic rates
The CC rates within the full kinematics approach, including self-consistent contributions from weak magnetism, are
provided in Ref. [31] for the electronic CC processes. They have been reviewed recently for the muonic reactions (1a)
and (1b) of Table I in Ref. [30]. For the comparison with this full kinematics treatment, it is convenient to provide
CC muonic rates in the elastic approximation; i.e., assuming a zero-momentum transfer, for which the absorptivity
(νµ + n→ p+ µ−) is given by the following analytical expression:
χνµ(Eνµ) =
G2F
pi
(
g2V + 3g
2
A
)
E2µ
√
1−
(
mµ
Eµ
)2
[1− fµ(Eµ)] nn − np
1− exp
{
ϕp−ϕn
T
} , (B1)
with Fermi constant, GF, vector and axial-vector coupling constants, gV = 1.0 and gA = 1.27, as well as with
equilibrium Fermi–Dirac distribution functions for the muons, fµ(Eµ; {µµ, T }), neutron/proton number densities,
and the latter free Fermi gas chemical potentials, nn/p and ϕn/p, respectively. The latter are related to the nuclear
EOS chemical potentials, µi, as follows: ϕn/p = µn/p − m∗n/p − Un/p, with neutron/proton single-particle vector-
interaction potentials Un/p and effective masses m
∗
n/p [38, 39], both of which are given by the nuclear EOS. Inelastic
contributions and weak-magnetism corrections are approximately taken into account via neutrino-energy-dependent
multiplicative factors to the emissivity and opacity [32]. A similar expression as (B1) is obtained for ν¯µ by replacing
the muon Fermi distribution with that of anti-muons and replacing n ↔ p for the neutron/proton number densities
and free gas chemical potentials.
The emissivity and absorptivity are related intimately via detailed balance,
jνµ(Eνµ) = exp
{
−Eνµ − µ
eq
νµ
T
}
χνµ(Eνµ) , (B2)
with muon-neutrino equilibrium chemical potential given by the expression, µeqνµ = µµ − (µn − µp).
For this limited kinematics assuming zero-momentum transfer, one can relate the muon and νµ energies as follows,
Eµ± = E(ν¯µ)νµ ∓ (mn −mp)∓ (Un − Up) , (B3)
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FIG. 11. (Color online) Neutrino luminosities and average energies, sampled in the co-moving frame of reference, comparing
the reference run employing the actual 3-flavor neutrino transport scheme (blue lines) and mimicking 3-flavor (red lines).
with the medium-modified Q value, mµ ± (mn −mp) ± (Un − Up) [38, 39, 57]. Note that, as for the electron-flavor
neutrinos, the nuclear medium modifications for the charged-current rate at the mean-field level modify the opacity
substantially with increasing density [58]. In particular, at densities in excess of ρ = 1013 g cm−3, where muons can
be expected, the opacity drop can differ significantly from the vacuum Q value, mµ ± (mn −mp) due to the large
difference of the single particle potentials can well be on the order of Un − Up = 40 − 80 MeV, depending on the
nuclear EOS [58, 59].
The presence of high-energy νµ and ν¯µ enables the production of µ
±. The collision integrals for νµ and ν¯µ for the
reactions (1a) and (1b) of Table I take the following form:
∂Fνµ
c ∂t
(Eνµ , ϑ)
∣∣∣∣
CC
=
jνµ(Eνµ )
ρ
− χ˜νµ(Eνµ )Fνµ(Eνµ , ϑ) (B4)
∂Fν¯µ
c ∂t
(Eν¯µ , ϑ)
∣∣∣∣
CC
=
jν¯µ(Eν¯µ )
ρ
− χ˜ν¯µ(Eν¯µ )Fν¯µ(Eν¯µ , ϑ) , (B5)
with effective opacity defined as follows, χ˜ν = χν + jν [17, 18]. Expressions (B4) and (B5) are equivalent to those
for the electron-(anti)neutrinos with electronic charged-current emissivity and opacity [35]. The muon abundance,
Yµ, is then added as an independent variable to the AGILE state vector, for which the following differential-integral
evolution equation is solved,
∂Yµ
∂t
∣∣∣∣
CC
=
2pimB
(hc)
3
[∫
dEν¯µdE
2
ν¯µd (cosϑ)
∂Fν¯µ
∂t
(Eν¯µ , ϑ)
∣∣∣∣
CC
−
∫
dEνµdE
2
νµd (cosϑ)
∂Fνµ
∂t
(Eνµ , ϑ)
∣∣∣∣
CC
]
, (B6)
with baryon mass mB = 938 MeV. Equation (B6) is similar to the evolution equation for Ye (see Eqs. (17)–(25) in
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Ref. [18]), where, instead, the electronic charged-current neutrino emissivity and opacity are used (see expressions (6)
and (7a)–(7d) in Ref. [35]).
2. Neutrino-muon scattering
For neutrino–lepton scattering (NLS), ν + l± ⇆ l′± + ν′, distinguishing here between neutrinos, ν ∈ {νe, νµ, ντ},
and leptons, l± ∈ {e±, µ±, τ±}, the collision integral is given by the following integral expression,
∂Fν
c ∂t
∣∣∣∣
NLS
(Eν , ϑ) =
[
1
ρ
− Fν(Eν , ϑ)
]
1
(hc)3
1
c
∫
E2ν′dEν′
∫
d (cosϑ′)
∫
dφRinNLS,ν(Eν , Eν′ , cos θ)Fν′ (Eν′ , ϑ′)
− Fν(Eν , ϑ) 1
(hc)3
1
c
∫
E2ν′dEν′
∫
d (cosϑ′)
∫
dφRoutNLS,ν(Eν , Eν′ , cos θ)
[
1
ρ
− Fν′(Eν′ , ϑ′)
]
(B7)
with the following definition for the in- and out-scattering kernels,
RinNLS,ν(Eν , Eν′ , cos θ) =
∫
d3pl
(2pi~c)3
d3pl′
(2pi~c)3
2 fl′(El′) [1− fl(El)]
∑
s |M|2ν+l←l′+ν′
16EνElEν′El′
(2pi)4δ4(pν + pl − pl′ − pν′) ,(B8)
RoutNLS,ν(Eν , Eν′ , cos θ) =
∫
d3pl
(2pi~c)3
d3pl′
(2pi~c)3
2fl(El) [1− fl′(El′ )]
∑
s |M|2ν+l→l′+ν′
16EνElEν′El′
(2pi)4δ4(pν + pl − pl′ − pν′) ,(B9)
with equilibrium Fermi-Dirac distribution functions fl(El) for initial- and final-state leptons. In addition to the energy
difference between incoming and outgoing neutrinos, Eν′ −Eν, the scattering kernels depend on the total momentum
scattering angle between the incoming and outgoing neutrino, defined as follows,
cos θ = cosϑ cosϑ′ −
√
(1− cosϑ) (1− cosϑ) cosφ , (B10)
with lateral momentum angles (ϑ, ϑ′) and relative azimuthal angle φ = ϕ−ϕ′ (for illustration, see Fig. (1) in Ref [17]).
Here, for neutrino–muon scattering (NMS), the approach for neutrino–electron scattering (NES) is extended fol-
lowing the Refs. [19, 29, 33, 34]. As an example, in the following neutrino–muon scattering, ν + µ⇆ µ′ + ν′, will be
considered, which contains neutral-current Z0-boson and charged-current W−-boson interactions, similar to νe − e−
scattering (see Fig. 1 in Ref. [33]). The matrix element,M, for νe−e− scatteringa can be obtained from the literature,
cf. Eqs. (C46)–C(48) in Ref. [29], by replacing the electron and νe spinors, (ue(pe), uνe(pνe)), with those of the muon
and νµ,
(
uµ(pµ), uνµ(pνµ)
)
, respectievely,
Mνµ+µ→µ′+ν′µ =
GF√
2
[u¯νµ(p
′
ν′µ
)γk (1− γ5)uνµ(pνµ)][u¯µ(p′µ)γk (CV − CAγ5)uµ(pµ)] , (B11)
The matrix element depends on the particle’s 4-momenta, pi, and the dash denotes final states. The quantities CV and
CA are the vector and axial-vector coupling constants. After spin-averaging and squaring, the transition amplitude
takes the following form,∑
s
|M|2νµ+µ→µ′+ν′µ = β1M1 + β2M2 + β3M3 (B12)
= 16G2F
{
β1 (pµ · pνµ)(p′µ · p′νµ) + β2 (p′µ · pνµ)(pµ · p′νµ) + β3m2µ (pνµ · p′νµ)
}
(B13)
with β1 = (CV +CA)
2, β2 = (CV −CA)2 and β3 = C2A −C2V , where the values for CV and CA are listed in Table III.
The individual kinematic integral expression, denoted as I1 − I3, which correspond to the muon initial- and final-
state momentum integrals of M1−M3, can be obtained from Eq. (10b) in Ref. [33] by replacing the electron with the
muon 4-momenta. The remaining integrals are solved numerically following the approach developed in Ref. [19] for
neutrino-electron scattering, such that
RoutNMS,νµ(Eνµ , Eν′µ , cos θ) =
G2F
2pi2
1
EνµEν′µ
{
β1I1(Eνµ , Eν′µ , cos θ) + β2I2(Eνµ , Eν′µ , cos θ) + β3I3(Eνµ , Eν′µ , cos θ)
}
.(B14)
The definition of the remaining integrals, Ii(Eνµ , Eν′µ , cos θ), is given in Eqs. (11)–(27) in Ref. [19], based on the
polylogarithm functionals, which are used to perform the remaining Fermi-integrals.
In order to eliminate the remaining dependence on the relative azimuthal angle φ in the scattering kernels (B8) and
(B9), a numerical 32-point Gauss quadrature integration is employed, which is identical to the one of BOLTZTRAN for
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neutrino–electron scattering (see Eq. (32) in Ref. [19]), such that the scattering kernels depend only on incoming and
outgoing neutrino energies, as well as on the incoming and outgoing neutrino lateral angles, Rin/out(Eνµ , Eν′µ , ϑ, ϑ′).
For the procedure to avoid singular forward scattering, expressions (37)–(43) in Ref. [19] are employed here for
neutrino–muon scattering.
For muon-antineutrino scattering on muons the expressions are a cross channel of muon–neutrino scattering intro-
duced above (similar to the relationship between electron-antineutrino scattering on electrons and electron-neutrino
scattering on electrons [29]), given by the substitution pνµ ↔ p′νµ in the matrix element. It has been realized for
neutrino–electron scattering, this corresponds to the replacement of CA ↔ −CA in the expressions for the scattering
kernels [29]. Therefore, it is straightforward to obtain the corresponding scattering kernel RoutNMS,ν¯µ . Similar replace-
ments are done for electron-(anti) neutrino scattering on muons, RoutNMS,νe(ν¯e) [29]. Table III summarizes the values of
CV and CA for all neutrino-(anti)muon scattering reactions. Furthermore, since the collision integral of the Boltzmann
equation (B7) has an identical form for NMS and NES, the general neutrino–lepton scattering kernel in the module
for the inelastic scattering processes of Boltztran is defined as follows,
RoutNLS,ν := RoutNES,ν +RoutNMS,ν , (B15)
for each pair of neutrino specie ν.
Note that, due to detailed balance, the transition amplitudes for in- and out-scattering are equal,
∑
s |M|2ν+l→l′+ν′ =∑
s |M|2ν+l←l′+ν′ (the degeneracy factors cancel), such that the scattering kernels (B8) and (B9) are related via,
RinNLS,ν(Eν , Eν′ , ϑ, ϑ′) = RoutNLS,ν(Eν , Eν′ , ϑ, ϑ′) exp
{
−Eν − E
′
ν
T
}
, (B16)
which is the case for both, NES and NMS.
3. Purely leptonic lepton flavor changing processes
a. Lepton flavor exchange (LFE)
As an example, in the following the focus will be on the the reaction: νµ+ e
−
⇆ µ−+ νe. In close analogy to (B7),
the collision integral of the Boltzmann transport equation is given by the following integral expression,
∂Fνµ
c ∂t
∣∣∣∣
LFE
(Eνµ , ϑ) =
[
1
ρ
− Fνµ(Eνµ , ϑ)
]
1
(hc)3
1
c
∫
E2νedEνe
∫
d (cosϑ′)
∫
dφRinLFE,νµ(Eνµ , Eνe , cos θ)Fνe(Eνe , ϑ′)
−Fνµ(Eνµ , ϑ)
1
(hc)3
1
c
∫
E2νedEνe
∫
d (cosϑ′)
∫
dφRoutLFE,νµ(Eνµ , Eνe , cos θ)
[
1
ρ
− Fνe (Eνe , ϑ′)
]
, (B17)
with the in- and out-scattering kernels, again in close analogy to (B8) and (B9), given as follows,
RinLFE,νµ(Eνµ , Eνe , cos θ) =
∫
d3pµ
(2pi~c)3
d3pe
(2pi~c)3
2 fµ(Eµ) [1− fe(Ee)] ×
×
∑
s |M|2νµ+e−←µ−+νe
16EνµEeEµEνe
(2pi)4δ4(pνe + pµ − pe − pνµ) (B18)
RoutLFE,νµ(Eνµ , Eνe , cos θ) =
∫
d3pµ
(2pi~c)3
d3pe
(2pi~c)3
2 fe(Ee) [1− fµ(Eµ)] ×
×
∑
s |M|2νµ+e−→µ−+νe
16EνµEeEµEνe
(2pi)4δ4(pνµ + pe − pµ − pνe) . (B19)
The similarity to the expressions for neutrino–muon scattering, introduced above, is striking. However, unlike νµ–µ
−
scattering which has neutral-current Z0-boson and charged-current W−-boson contributions, this process is given by
a W−-boson exchange only, with the following matrix element:
Mνµ+e−→µ−+νe =
GF√
2
[
u¯νµ(pνµ)γ
k (1− γ5)ue(pe)
] [
u¯′µ(p
′
µ)γ
k (1− γ5)u′νe(p′νe)
]
, (B20)
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with the spinors, ui, depending on the corresponding 4-momenta, pi, where the dash denotes final states. After
summation and spin-averaging, the transition amplitude takes the following form,∑
s
|M|2νµ+e−→µ−+νe = 64G2F
(
pνµ · pe
) (
p′µ · p′νe
)
, (B21)
such that,
RoutLFE,νµ(Eνµ , Eνe , cos θ) = 4
G2F
2pi2
1
EνµEνe
I1(Eνµ , Eνe , cos θ) , (B22)
with the same definition of the remaining phase-space integral I1(Eνµ , Eνe , cos θ) as for the case of neutrino–muon
scattering discussed above. However, due to different initial-state electron and final-state muon rest masses, there
are additional terms, which scale with the rest-mass energy difference, △mµe := (m2µ −m2e) c4/2. Comparing these
terms with those for neutrino–muon scattering (see Eqs. (11)–(18) in Ref. [19]) and using the same nomenclature as
in Ref. [19], the following modifications arise,
I1(Eνµ , Eνe , cos θ) =
2pi Tfγ(Eνe − Eνµ)
△5 ×
×
{
E2νµE
2
νe(1− cos θ)2
{
AT 2 [G2(y0) + 2y0G1(y0) + y
2
0G0(y0)] +B T [G1(y0) + y0G0(y0)] + C G0(y0)
}
+ △mµe(1− cos θ)J0 T [G1(y0) + y0G0(y0)]
+ △mµeEνµ(1− cos θ)J1G0(y0)
+ △m2µeJ2G0(y0)
}
. (B23)
The functions △, A, B, C, fγ(x), as well as the integral functionals Gn(y0; η′), are defined in Ref. [19], see Eqs. (14)–
(20). The latter are related to the Fermi integrals, which depend on the degeneracy parameter, η′, which is related
to η = µe/T , and defined as follows,
η′ = η −
(
Eνµ − µµ
)− (Eνe − µe)
T
, (B24)
in contrast to Eq. (22) in Ref. [19], since electrons and muons can have rather different Fermi energies under SN
conditions. Furthermore, the argument, y0, of the Fermi-integrals, Gn(y0; η
′), also has an explicit dependence on the
electron–muon rest-mass energy difference as follows,
y0 =
1
T
{
−1
2
[
Eνµ − Eνe −
( △mµe
Eνµ (1− cos θ)
)]
(B25)
+
△
2
[
1 +
2 (me c
2)2
EνµEνe(1− cos θ)
+
2△mµe
EνµEνe(1− cos θ)
+
( △mµe
EνµEνe(1− cos θ)
)2]1/2
 .
The additional phase-space terms, J0, J1 and J2, are given by the following expressions,
J0 = E
3
νµ + E
2
νµEνe (2 + cos θ)− EνµE2νe (2 + cos θ) − E3νe , (B26)
J1 = E
3
νµ − E2νµEνe cos θ + EνµE2νe(cos2 θ − 2) + E3νe cos θ , (B27)
J2 = E
2
νµ cos θ −
1
2
EνµEνe(3 + cos θ) + E
2
νe cos θ . (B28)
Note also, in order to eliminate the azimuthal dependence of the scattering kernels, the same 32-point Gauss
quadrature numerical integration is performed as in the case of neutrino–lepton scattering. Note further that the
relation of detailed balance holds here as well for the transition amplitudes of the lepton-flavor exchange processes.
However, due to the presence of two different leptonic chemical potentials, the phase-space distributions for electrons
and muons give rise to an additional contribution to the relation of detailed balance for the scattering kernels, as
follows,
RinLFE,νµ(Eνµ , Eνe , ϑ, ϑ′) = RoutLFE,νµ(Eνµ , Eνe , ϑ, ϑ′) exp
{
−Eνµ − Eνe + µe − µµ
T
}
. (B29)
Note that, since the transition amplitudes for the processes involving e+ and µ+ are the same as for the processes
involving e− and µ−, the scattering kernels are given by the same expression I1 (B23), with the replacement of the
chemical potentials, µe/µ → −µe/µ, and Eνe/µ → Eν¯e/µ .
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For the implementation of the LFE processes, (3a) and (3b) in Table I, in the collision integral, the scattering kernels
are computed on the fly as part of the inelastic scattering module of BOLTZTRAN. However, contrary to neutrino–lepton
scattering, here the initial- and final-state neutrinos belong to different flavors. A new module for this class of inelastic
processes had to be introduced according to (B17), RLFE,ν for (anti)muon- and (anti)electron-neutrinos.
b. Lepton flavor conversion (LFC)
For LFC reactions (4a) and (4b) of Table I, the collision integral of the Boltzmann equation takes the same form
as (B17), though changing initial- and final-state neutrino distributions respectively. Also in- and out-scattering
kernels have the same algebraic structure as for the lepton flavor exchange processes (B18) and (B19), i.e. converting
(positron)electron into (anti)muon and vize versa. However, the matrix elements for LFC reactions are different.
In the following, the process, ν¯e + e
−
⇆ µ− + ν¯µ, will be discussed as an example, for which the matrix element
can be directly read off from (B21), replacing the νµ spinor with that of ν¯e neutrino and the νe spinor with that of
ν¯µ neutrino. Then, the transition amplitude takes the following form,∑
s
|M|2ν¯e+e−→µ−+ν¯µ = 64G2F
(
p′ν¯µ · pe
) (
p′µ · pν¯e
)
, (B30)
such that the out-scattering kernel becomes,
RoutLFC,ν¯e(Eν¯µ , Eν¯e , cos θ) = 4
G2F
2pi2
1
Eν¯µEν¯e
I2(Eν¯µ , Eν¯e , cos θ) , (B31)
with the same remaining phase-space integral, I2(Eν¯µ , Eν¯e , cos θ), as for the case of neutrino–muon scattering discussed
above (see also Eq. (12) in Ref. [19]), with the replacements Eνµ → −Eν¯e and Eνe → −Eν¯µ , as well as the inclusion
of the muon-electron rest-mass energy scale △mµe. Then, applying the same nomenclature as in Ref. [19] and as in
(B23), the resulting additional terms, J0, J1, and J2, can be computed straightforwardly with the aforementioned
replacements. Note that the scattering kernels for the processes involving e+ and µ+ are obtained by the replacement
of the chemical potentials as follows, µe/µ → −µe/µ.
Since in- and out-scattering LFC kernels have the same algebraic structure as in- and out-scattering LFE kernels,
respectively, the reverse LFC processes are related through detailed balance in the same way the LFE kernels are
(B29). Hence, it is convenient to define the total lepton flavor exchange/conversion scattering kernel,
Routν = RoutLFE,ν +RoutLFC,ν . (B32)
Note that LFE and LFC reactions change the abundance of muons and electrons. Their contributions have to be
taken into account by modifying the evolution equations (B4) and (B5) as follows,
∂Yµ
∂t
=
∂Yµ
∂t
∣∣∣∣
CC
(B33)
− 2pimB
(hc)3
[∫
dEνµdE
2
νµd (cosϑ)
∂Fνµ
∂t
(Eνµ , ϑ)
∣∣∣∣
LFE+LFC
−
∫
dEν¯µdE
2
ν¯µd (cosϑ)
∂Fν¯µ
∂t
(Eν¯µ , ϑ)
∣∣∣∣
LFE+LFC
]
.
Similarly, the Ye evolution equation has to be modified, as well,
∂Ye
∂t
=
∂Ye
∂t
∣∣∣∣
CC
(B34)
− 2pimB
(hc)
3
[∫
dEνedE
2
νed (cosϑ)
∂Fνe
∂t
(Eνe , ϑ)
∣∣∣∣
LFE+LFC
−
∫
dEν¯edE
2
ν¯ed (cosϑ)
∂Fν¯e
∂t
(Eν¯e , ϑ)
∣∣∣∣
LFE+LFC
]
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